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Abstract
We describe some ambiguities which take place when on calculates
the cross-sections in parton models at high energies and the connected
limitations on the asymptotic of high energy amplitudes that follows
from the conditions of boost-invariance of cross-sections.
It turns out that the resulting constraints are of the same type as
the following from the t-channel unitarity conditions. So that on can
suppose that this similarity, by their nature, has much more general
grounds.
1 Introduction
There are two main theoretical approaches to a study of the behavior of
high energy amplitudes and cross-sections.
In one approach, we directly calculate the amplitudes by summing the
contributions of the Feynman diagrams of the corresponding field theory or
use some effective theory like reggeon diagrams or various string-like dual
models.
In the other - parton like approach to high-energy collisions 2 we usually
consider separately three main stages of the system evolution in the process
of particles collision. Firstly, one constructs the quantum states Ψ(P ) of
high energy particle with momentum P ≫ m in terms of superposition
Ψ(P ) =
∑
n
∫
{ki}
fn(P, {ki}) |n, {ki} > (1)
of the n-particle states |n, {ki} > of some “primary” constituents - partons
with 3-momenta {ki}. The “choice” of these partons is not unique, and
partons can be bare point like particles, particles with varying virtuality,
1 Email: kancheli@itep.ru
2 A few useful reviews ( [1]- [7])
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QCD color dipoles, fast string configurations, distributions of the Coulomb-
like fields, etc.
The state Ψ(~P ) must fulfill the Schroedinger equation
Hˆ Ψ(~P ) =
√
~P 2 +m2 Ψ(~P ) ,
where the Hamiltonian Hˆ is the function of parton fields, so that Ψ(~P )
is the eigenfunction of Hˆ with eigenvalues defining the particles physical
mass m.
After that one can use such a state Ψ(P1) to calculate its interaction
with some low energy target or with other fast particle in the state Ψ(P2)
in terms of “simple” amplitudes of parton interaction.
There is also the third stage corresponding to an evolution in the fi-
nal state when moving away partons transform and combine into physical
particles (hadronization...). But often this stage is not very restrictive, es-
pecially when we calculate various integrated cross-sections. And we will
not consider it in this article.
It is essential that with the energy growing in most parton descriptions
the structure of the parton state becomes more and more complicated for
all the theories containing vector (like QCD) and tensor fields (gravity) and
mean parton number in states Ψ(P )and the average transverse size of the
region they occupy grow with P .
When we consider the collision of two fast particles in the parton states
Ψ(P1) and Ψ(P2) at some large s = (P1+P2)
2 ≫ m2 we can choose for this
any longitudinal Lorentz system. But the resulting values of cross-sections
of various processes must not depend from this choice of frame. And this
is nontrivial condition in parton approach, because in different longitudinal
systems (that is for various P1 and P2 at the same value of s) the different
parton configurations firstly meet one another at the moment of particles
collision. And, moreover, by choosing a different system we also can move
the dynamics, from stage one to two and vice versa.
If we make all calculation precisely - with hermitian Hamiltonian we
probably can be sure that all restrictions coming from Lorentz-invariance
and the unitarity conditions will be satisfied. But if we make some approx-
imations, especially dictated by phenomenological or pictorial arguments,
the unitarity conditions itself can probably be the only general way to check
that the results are not contradictory.
Various restrictions from the t-channel unitarity are very essential for the
amplitudes describing high energy hadron interactions, and they are directly
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taken into account in reggeon amplitudes [10]. But in parton approaches it
is not evident how to take them into account.
In the reggeon field theory and in the dual (string) models the t-unitarity
conditions are automatically fulfilled. But at high reggeon (pomeron) den-
sity such un approach can become unreliable. The parton approach has no
problems with high parton density, but here there is no direct way how to
control possible restrictions coming from the t-unitarity.
One can hope that the longitudinal Lorentz (boost) invariance of all
cross-sections calculated in a parton approach is in some sense equivalent
to the mean form of the t-unitarity for multiparticle amplitudes. So, if
we calculate any cross-section using the partonic wave functions Ψ(Pa) and
Ψ(Pb) of fast colliding hadrons with momenta Pa, Pb then we expect that
this cross-section must be the same in all longitudinal Lorentz frames - that
is if we calculate the cross-sections using Ψ(L(ϑ)Pa) and Ψ(L
−1(ϑ)Pb),
where L(ϑ) is a longitudinal boost. It is essential, that in a parton picture
such boosts L(ϑ) act on hadrons Fock state very nontrivial changing the
number of partons, etc.
No precise arguments for such general propositions (the boost invariance
for parton cross-sections ≃ t-unitarity) are known. Although it is by itself
natural that the calculations of cross-sections in the parton picture must
give a frame independent answer. Also this is, in particular, confirmed in if
we give the partonic interpretation to reggeon diagrams, by t-cutting them
at various intermediate rapidities, as if we calculate various multiparticle
inclusive cross-sections.
In this article 3 we consider some examples illustrating how the require-
ment of boost-invariance essentially restricts the structure of high energy
collision dynamics. We see that it restricts in the same way as it follows
from the conditions of t-unitarity.
2 Restrictions on a parton states from the boost
invariance of high-energy collision cross-sections.
Simple Examples
In this section we illustrate how the requirement of the frame independence
(boost-invariance - BI) restricts the behavior of high-energy cross-sections
calculated in the parton approach.
3The material of this paper partially intercepts with the article of the author [8].
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We suppose that partons are point like particles with perturbative in-
teraction and consider here some examples which show how BI condition
works. Also we choose very high energy interactions, where the mean num-
ber of parton in HE state is large, so one can consider firstly only states with
mean number of partons and only after that take into account corrections
from other components of the Fock wave function of a fast particle. So, the
picture of interaction is almost quasiclassical.
We consider the behavior at a boost-transformation of the inelastic cross-
sections σin or of the connected quantity - the transparency T = 1− σin =
|S|2, which is often more sensitive to the breaking of BI. We choose some
frame where the colliding particles have rapidities y1 = y and y2 = Y − y,
where Y = ln(s/m2), and require that calculated cross-sections do not
depend on y
We begin from the simplest parton models of a fast hadron - the rare
parton gas state and of the black disk state.
2.1 Collision of a rare gas like parton states
Let us consider the collision of two particles which can be represented as
the partonic clouds that are in a state of a very rare gas. This is the case
usually described by reggeon diagrams, that, by their construction, include t-
unitarity requirements. Let the mean number of partons in colliding hadrons
be n(y), n(Y −y) and the mean transverse radii of regions occupied by these
partons are R(y), R(Y − y), respectively. Then the total inelastic cross-
section can be expressed as:
σin(Y ) = σ0 n(y) n(Y − y) −
− c1 σ0 n(y)n(Y − y)
( σ0 n(y)
R2(y)
+
σ0 n(Y − y)
R2(Y − y) + (2)
+
σ0 n(y) n(Y − y)
R2(y) +R2(Y − y)
)
+ ... ,
where σ0 is the parton-parton cross-section, c1 ∼ 1. The first term in (2)
corresponds to a collision of at least one pair of partons. The next terms
describe corrections from screening and multiple collisions 4 .
4The cross-sections of local interactions of point-like particles decrease as a function of
their relative energy as σ0(s) ∼ 1/s. As a result in (2) enter, in fact, only the numbers of
low energy partons n(y), n(Y − y) of the colliding particles in this coordinate system.
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For the rare parton gas one can at first approximation neglect multiple
collisions and screening, that is to leave only the first term in (2). Then,
from the requirement of the independence of σ0 n(y)n(Y −y) on y follows
the unique solution for
n(y) = n0e
y∆0 (3)
with some real constants n0, ∆0. The following from (3) behavior of
σin(Y ) = σ0 n
2
0 e
Y∆0 (4)
in the elastic amplitude corresponds to a regge pole in the complex angular
momentum plane (and not to a cut or some more complicated regge singu-
larity ). And this condition follows [9] in a relativistic Regge approach only
from the 2-particle t-unitarity of the elastic amplitude.
Note that the coefficient in (4) is in fact factorized - for the collision of
different particles a+b one must n2 → nanb . This factorization in regge
approach also follows from t-unitarity.
Moreover, it is interesting to consider [6] the behavior cross-section σin
with the definite impact parameter B, normalized so, that
σin(Y ) =
∫
d2B σin(Y, y,B) . (5)
In this case the analog of the first term in (2) can be represented as
σin(Y, y,B) = σ0
∫
d2x⊥ ρ(y, |x⊥|) ρ(Y − y, |B − x⊥|) , (6)
where ρ(y, x⊥) is the transverse parton density ( n(y) =
∫
d2x⊥ρ(y, x⊥) ) .
Then from the frame independence of the σin(Y, y,B) the form of transverse
parton density n(y, x⊥) can be essentially restricted. The condition of y-
independence can be writhen as
∂
∂y
σin(Y, y,B) = 0 . (7)
Going here to conjugate to x⊥ variable
ρ(y, x⊥) =
∫
d2k · eikx⊥ ρ˜(y, k)
we come from (7) to the equation
∂
∂y
(
ρ˜(y, k) ρ˜(Y − y, k) ) = 0 ,
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which has the solution
ρ˜(y, k) = f1(k) · eyf2(k)
and then as a result
ρ(y, x⊥) ∼
∫
d2k eikx⊥ f1(k) e
yf2(k) , (8)
where f1, f2 are arbitrary functions of k. For y → ∞ the integral in (8)
can be taken by the steepest decent method, so that only the neighborhoods
of zeros of ∂f2(k)/∂k are essential. Then from the positivity of the parton
density ρ it follows that f2 is positive and so the dominant contribution must
come from the region k ∼ 0, otherwise ρ(y, x⊥) will oscillate in x⊥. So in
the essential region f2(k) ≃ c1 − c2k2, c2 > 0, and estimating the integral
(8) we come to the expression for the density of low energy partons
ρ(y, x⊥) ∼ y−1 e
(
c1y−x2⊥/4c2r
2
0
y
)
, c2 > 0 . (9)
The expression (9) corresponds to the Gauss form of parton distribution
in x⊥ which usually results from the diffusion of partons in x⊥ plane dur-
ing the parton cascading. The mean radius of a low energy parton cloud
R(y) ∼ r0√ y is also fixed here only from the condition of the frame
independence. In the elastic amplitude the Eq. (9) corresponds to the
contribution of the regge pole with the trajectory α(t) = 1 + ∆ + α′t ,
where ∆ = c1, α
′ = c2.
If we make the next step and impose the condition of y independence on
the sum of two terms in the right side of (2) and assume that the correction
to (3) is small, we become instead of (3) the corrected expression
n(y) = n0 e
∆0y − a2 n20
σ0
R2(y)
e2∆0y + ... (10)
From here it is simple to conclude that
σin(Y ) = n
2
0 σ0e
(∆0Y ) − n40
a2σ
2
0
R2(Y )
e2(∆0Y ) . (11)
The second term in (11) corresponds to the the contribution of two reggeon
cuts, whose structure is almost complectly fixed here from the boost-invariance.
The arbitrary coefficient a2 > 1, depends on the weight of the diffractive
amplitudes entering in the two regeon emission vertex. The possible next
terms in (10), corresponding to higher regge cuts, can be found in the same
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way by iterative applying the boost-invariance condition to the combinations
of screening terms in the expression (2) for σin.
Thus, it can be seen that for rare parton states we come to the restrictions
on there structure that arise from the reggeon diagrams and are defined by
the t-unitarity.
At the end of this section note that at at all currently available energies
the dominant high energy hadron interactions are well described by the
regge approach with the soft pomeron exchange and the respective cuts.
This directly corresponds to the Gauss-like parton distribution consistent
with the parton frame independence.
2.2 Collision of a black disks
Now let us consider the opposite limiting case of colliding parton clouds,
when the mean parton density is very high and partons fill a transverse
disk with the radius R(y) depending on particles energy E = mey. Then
the total inelastic cross-section can be determined from purely geometrical
conditions - it is defined by the area of an impact parameter space, corre-
sponding to the overlapping of the colliding black disks :
σin(Y ) = π
(
R(y) +R(Y − y)
)2
. (12)
From the condition of independence of the right side of Eq.(12) on y evi-
dently follows the unique solution for
R(y) = r0 · y + r1 (13)
It is interesting that in this case we immediately come directly to asymp-
totically constant cross-sections (when r1 = 0), or to the Froissart type
behavior of cross-sections
σin(Y ) ≃ πr20Y 2 + πr0r1Y + πr21 . (14)
Here, in the Froissart case the elastic cross-section is diffractive and σel =
σin. Also the terms πr0r1Y in (14) correspond to a diffraction generation
as is natural in the Froissart case.
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2.3 Collision of the parton grey disks
The real parton disk (even at Y ≫ 1) cannot be absolutely black because
the parton density at every particles energy is finite. Besides that the local
parton density fluctuations also can lower the parton density in the indi-
vidual events and this leads to the grow of the locale transparency of such
disks. For such parton disks the conditions of BI can lead to rather strong
restrictions on the structure of “grey” parton states and their interactions.
Firstly, consider the collisions of grey disks with some constant grayness
- when the mean transverse parton density is stabilized at some fixed value
and do not grow with energy i.e. the local disk transparency also does not
change with energy 5. Then it is easy to see that the condition of the boost
invariance can at all not be fulfilled for such models.
In the lab.frame of one particle the transparency
Tlab(Y,B) = const(Y ) at Y →∞ ,
because at all B only a finite number (∼ 1) of partons must penetrate
through the grey parton disk of the other fast particle.
And in the center of the mass system at the same impact parameter the
large number of partons N12 must penetrate. For the grey disk N12 ∼
S12(y, Y,B) - the transverse area of two disks overlapping region. And
for growing with Y disk radius the S12 also grows. For the Froisart type
growth we have S12 ∼ Y 2 at B ≪ R(Y ). Then in systems close to the
center of mass
Tscm(Y,B) ∼ e(−cN12) ∼ exp (−cY 2)→ 0 , c ∼ 1 .
Therefore, the case of a grey disk with a constant (or a slowly (∼ 1) varying )
parton density should be probably excluded.
In all more or less realistic situations, such, for example that one can
expect in the QCD, the parton disk can have a grey parton border, even
when the inner parts of the disk become almost black. In this case the
average parton density can be roughly represented as
ρ(y, x⊥) ≃ ρd(x⊥) θ(R(y)− x⊥) + ρ0 θ(x⊥ −R(y))f(x⊥) , (15)
where ρd(x⊥) describes the behavior of the parton density in the inner part
of the disk, and where the grey border has the width λ(y)≪ R(y). In this
5One can expect this type of the behavior in the (2+1)D QCD, which is soft and if
here the parton saturation takes place [8].
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border the parton density varies from the high value (almost black) to small
one. For example, it can have the form
f(x⊥) ≃ e−(x⊥−R(y))/λ(y) . (16)
For collisions with an impact parameter B < R(Y ), when colliding disks
stuck with their almost black parts, we possibly can have a boost-invariant
behavior of σin. But for collisions with B−R(Y ) ∼ λ(Y )), when the discs
collide with their grey edges, the situation is different.
In the Lab frame of one of particle the transparency Tlab = const ∼ 1,
because here only some (∼ 1) partons must penetrate without interaction
through the grey edge of the large disc.
And in the arbitrary system at the same impact parameter the trans-
parency is
T (y, Y − y,B) ∼ e−N12(y,Y−y,B) ∼ e−S12(y,Y−y,B)/r20 ,
where N12(y, Y − y,B) is the average number of parton interactions during
the collision and S12(y, Y − y,B) is the area of the two disks intersection
region. This region has a form of elongated figure whose width is ∼ λ(y)
and the length l(y) ∼
√
R(y)λ(y) for y . Y − y. So, for such B the two
disks intersection area is
S12(y, Y − y,B ≃ R(Y ) + λ) ∼ R(y)1/2 ∗ λ(y)3/2 .
In the center of mass system this gives for Y ≫ 1
Tscm ∼ exp(−c(R(y)/r0)1/2)→ 0
even for parton disks with λ ∼ const(Y ), although the width of the grey
border can also grows together with the disk size 6. Therefore, for the
border collisions with such B and Y we have no boost-invariance of T , and
this conclusion in fact almost does not depend on the explicit form of the
border distribution f(x⊥). Probably, the only exception is the Gauss type
distribution of the parton density when the whole disk has the “structure of
border”.
6One can expect [8] that for a realistic parton disc due to border shape fluctuations
the mean width of the grey zone grows with Y as λ ∼
√
Y
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2.4 Particle to heavy nuclei interaction
A slightly different type of restriction on the parton structure follows from
the boost invariance if we consider the high energy collision of a particle p
(for example a proton, a pion or any test color dipole) with heavy nucleus
(A≫ 1).
To see this we compare the estimate of transparency T in Lab frame of
nuclei and the Lab frame of p. Also we choose Y not very large, but so
that Y ≫ lnA, and consider a collision at B = 0. In fact, in this case we
have a collision of p with a long (∼ A1/3) tube of nucleons, and we want to
calculate the probability of the passage of p through A without interaction.
First, consider the p
⊗
A collision in the Lab frame of p. For such
an Y due to the Lorentz contraction of the moving nuclei all soft partons
of the fast nuclei are placed in a tiny transverse region of the longitudinal
size ∼ 1/m. And if the parton saturation take place, the number of soft
partons NA interacting with p should almost not depend on A, because all
“additional” soft partons coming from different nucleons in the A-tube are
absorbed one by another. Therefore, one can expect that the transparency
in the p-lab. frame is
Tp ∼ e−Np(Y ) . (17)
On the other hand, to calculate T in the Lab frame of A at the same B
and Y we must find the probability that fast particle p penetrate without
interaction trough the A1/3 long tube of nucleons. Here one can expect that
TA ∼ e−c(Y )A1/3 (18)
Because in such a “thought experiment” we can arbitrary choose Y and
A and the distance between the nucleons in the tube, we come to an ap-
parent contradiction with the frame independence. This means that some
constrains must be imposed on the parton dynamics. The simplest way is
to suppose that there is almost no parton saturation in the A-tube. Or on
the contrary - that some kind of the mechanism works, which makes the
interaction of a fast p particle with the nucleus otherwise dependent on A.
Possibly some indications on the causes of this inconsistency can be found
if we consider the regge description of this reaction, where we can calculate
σin(Y,B) = 1− T for a large A and not to a large Y.
If we take for a single pomeron exchange in the p
⊗
A reaction the
amplitude
v(y, b) ∼ ig2A1/3 exp (∆y − b2/4α′y)
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and consider firstly the simple eiconal case which corresponds to a situa-
tion without parton saturation we become for the corresponding S-matrix
S(Y,B) = exp (iv(Y,B)), and this gives for the transparency
T (Y,B = 0) = | S(Y,B = 0 |2 ∼ exp
(
− 2g2A1/3e∆Y
)
. (19)
The simplest way to take into account something similar to the parton satu-
ration is to include into the single pomeron exchange amplitude the pomeron
cascading from the side of A-vertices. So that from the p-side the pomeron
line joins to p and from the A side the pomeron line branching joins to many
nucleons. This corresponds to the new amplitude
v → v˜ = v
1− i rg∆v
, (20)
were r is the 3-pomeron vertex. In this case for large A1/3 and B = 0
the amplitude v˜ is stabilized at the value |v˜| = g∆/r. And, therefore, the
corresponding transparency approaches to
T (Y,B = 0) = exp
(− 2|v˜| ) = exp(− 2g∆/r) . (21)
Comparing the expressions ( 17 ) with (21) and (18) with (19) we see their
similarity, but this unfortunately does not help to find the right answer,
because the simple expression like (20) dos not take into account various
pomeron interactions in the v˜-cascade and also the other pomeron interac-
tions in eiconal multipomeron diagrams 7.
2.5 Possible boost-invariant parton density distributions in
a grey disk
In fact, in the case of asymptotically growing cross-section all parton dis-
tributions corresponding to real theories like QCD will, probably, lead to
the grey dick. And it is interesting to find the sensible examples of parton
distributions that correspond to the boost-invariant T.
Let us consider collisions of particles with some parton distribution
ρ(y, x⊥) and try to find the minimal conditions on the form of ρ(y, x⊥)
for which cross-sections are boost-invariant
7Note that approximately the same inconsistency appears if we consider the heavy
A
⊗
A interaction end compare the estimates of T in the Lab frame and in the CM
system
11
With the exponential precision the transparency can be expressed as:
T (Y, y,B) ∼ exp
(
−N(y, Y − y,B)
)
, (22)
where
N(y, Y − y,B) = σ0 ·
∫
d2b · ρ(y, |b|) · ρ(Y − y, |B − b|) (23)
is proportional to the mean number of the parton scattering when two Fd
penetrate one through another during their collision at the impact parame-
ter B.
Because the expression (23) has the same structure as (6) one can repeat
here the calculation given above. Then we find that the expression ( 23 )
can be boost invariant only for some very special Gaussian form of parton
density ρ inside the disk :
ρ(y, x⊥) ∼ ρ0 1
y
e∆y−x
2
⊥
/yr2
0 , (24)
This corresponds to the distribution arising in the parton cascade when
partons only split and do not join. The same answer (Eq (9)) for ρ(y, x⊥)
was found for the rare parton systems - but here the density can be arbitrary
high. In the connected elastic amplitude it corresponds to a regge pole
exchange with the intercept ∆. In fact, the expression (24) for ∆ > 0
corresponds again to almost black disk (but without parton saturation !) of
the radius r0∆ y with a thin grey border, because the parton density changes
here very fast from a small to a big values at the distances δx⊥ ∼ r0/
√
∆.
In general case one must take into account that partons in the collid-
ing disks can have different virtualities u ∼ ln k2⊥/m2 , where the parton
density ρ(y, b, u) has now nontrivial dependence on u. Partons with large u
are more strongly localized in transverse coordinates and their interaction
cross-sections σ(u1, u2) usually decrease for large ui. The expression for the
transparency in the process of collision of two parton disks has again the
form (22), where the mean number of parton interactions during the collision
is given by the following generalization of (23)
N(y, Y −y,B) =
∫
d2b
∫
du1du2 σ(u1, u2) ·ρ(y, |b|, u1)ρ(Y −y, |B− b|, u2) .
(25)
In this case the restrictions on the form of ρ(y, b, u) coming from the frame
independence condition (∂/∂y)N(y, Y − y,B) = 0 are not so strong as
for (23 - 24).
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If the parton cross-sections that enter (25) can be approximately factor-
ized as
σ(u1, u2) ∼ ℓ(u1) · ℓ(u2) ,
then the condition for the boost invariance of N can be reduced to the more
simple equation
∫
du ℓ(u)ρ(y, b, u) = ρ0
1
y
e∆y−b
2/yr2
0 (26)
In this case the form of ρ(y, b, u) for some interesting models are again almost
completely fixed. For example, so is the superposition of grey saturated
disks with different virtualities
ρ(y, b, u) ∼ ϕ(y, u) θ(r1χ(y)− bua) ,
so that the mean radii of these disks r1χ(y)/u
a decrease 8 with growth of u.
Here, from equation(26), one can find the explicit expression for
ϕ(y, u) = ϕ0
e∆y
ℓ(u) u2a y
exp
(
− c2χ
2(y)
y u2a
,
)
(27)
where ϕ0, a, ∆, c2 and functions ℓ(u), χ(y) can be chosen arbitrary. If
we choose χ(y) = χ0y so to have the Froissart type of the growth of disk
radius we will have from (27) for the disk density
ϕ(y, u) ∼ e
∆y
ℓ(u)u2ay
exp
(
− c˜2 y
u2a
.
)
(28)
For large u it is natural to expect that ℓ(u) ∼ e−cu and therefore the mean
density of hard subdisks will grow with u and y.
2.6 Corrections to the mean picture from a big fluctuations
in the colliding states
To discuss if the boost-invariance can be somehow restored also when the
mean parton density ρ(y, x⊥) is not of the Gauss form (24) on must take
into account all essential parton configurations, and also these ones that are
very far from the mean one. In this case, one can hope that in different
8In QCD the radii of hard subdisks can grow as ∼ y/
√
u, and this corresponds to a = 2
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frames the main contribution into cross-sections comes from some different
parton components so to compensate the variation of the contribution of
the mean states. Here especially interesting can be the rare components of
Ψ(P ). In the Fock state of a fast particle such rare parton configurations
contain a relatively small number of partons and therefore it can give large
contribution to the transparency and compensate the boost non-invariance
of T and other quantities in the mean density states. Such configurations
can mainly arise due to large fluctuations in the initial stages of the patron
cascade. CM one can ask for such a parton component | bare > for a fast
hadron that does not contain a black disk at all and interacts slowly (or
does not interact at all). We can schematically represent such a state of
fast particle :
Ψ(P →∞) ≃ fd |disk > + fb | bare > , fd ≫ fb ,
where fb is the amplitude of the rare component |bare > and |disk > is the
superposition of “big” parton components that gives the main contributions
in a various cross-sections.
The probability for a fast hadron to be in the rare state is w(y) ∼ |fb|2.
In this case the expression for the transparency can be generalized to :
T (y, Y − y) ≃ Tmean(y, Y − y) + τbd ·
(
w(y) + w(Y − y)) +
+ τbb · w(Y − y)) · w(y) , (29)
where the transparencies of the rare component τbd and τbb can be finite and
do not decrease with growth of y.
The term Tmean(y, Y −y) coming from the |disk >
⊗ |disk > interaction
is not boost-invariant and it can be const(Y → ∞) in the lab.frame for a
saturated (grey) disk, and very small in csm.
The two last terms in (29) coming from the |bare > · |disk > and
|bare > · |bare > components can dominate and so can make T boost
invariant. But it is possible only if w(y) is approximately constant for high y.
Various estimates of w(y) lead to a decreasing function of the type
w(y) ∼ exp(−γ · y)
for the case of the growing total cross-section. It corresponds to the choice
at every rapidity stage of such an evolution direction, that does not increase
the parton number 9 . Such a behavior of w leads to the expression
T (y, Y − y) ∼ τbd ·
(
e−γ (Y−y) + e−γ y
)
+ τbb · e−γ Y , (30)
9Such a behavior of w(y) can also be found from the boost-invariance condition applied
to the behavior of some hard cross-sections. See Eq.(31 - 32)
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corresponding to the collision of the rare state | bare > with other particle.
Such contribution to T is y dependent, and therefore on this way the frame
indeprndence can also not be restored.
2.7 Collision of parton disks in the case of particles moving
in the same direction
When we impose the condition of the independence of the cross-sections
σin(Y, y, b) on the choice of system (i.e. on y), we can choose the values of
y not only in the interval 0 < y < Y , i.e. between Lab and center of mass
( CM ) systems. But let us also consider systems with y < 0 and y > Y ,
when both parton disks move in one direction.
This, in principle, can lead to additional constraints on the amplitudes.
But in this case, at first glance, paradoxes may also arise when estimating
the probability of the interaction. Especially this is seen in the case of the
growing cross-section.
To illustrate this let us consider the case of colliding Froissart type disks
when their radii R(y) and R(Y − y) grow with the particles rapidity as
R(y) = r0y and R(Y − y) = r0(Y − y), and estimate the behavior of the
inelastic cross-section with the definite impact parameter σin(Y, y,B) .
We chose B > r0Y . In this case, when 0 < y < Y , the parton disks pass
one by another without interaction. But this is only if they move towards
each other because here B > R(y) + R(Y − y) and therefore σin = 0. But
if we at the same B choose the system so that disks move in the same
direction and so that y ≫ Y ≫ 1 then disks will overlap when one disk will
go through another. And therefore partons from one disk can interact with
partons from another disk.
But it is essential that in such disk interaction no new particles can be
created. Indeed, if in this case a particles can be created, their momenta
will be small (∼ m) in this system. And the creation of such a particle in
CM system would correspond to a creation of a particle with energy ∼ mey,
where y ≫ Y and this is forbidden by the energy-momentum conservation ;
so σin = 0.
From the other hand, the exchange of particles between these discs with
an approximate momentum conservation (or, with the exchange of small
transverse momenta) can give a contribution to their elastic scattering and
which comes here also from large transverse distances ( B > R(Y ) ).
The parton wave functions of these “ intersecting disks” can be entangled
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one by another by such a mechanism, and also the conversion of a pure state
to a mixed one for every disk can in principal take place. There is here
probably no contradiction with the parton picture, since there is no way to
distinguish between low energy partons in the wave function (1) and the
close energy partons from vacuum fluctuations.
The entanglement between states of disks in such a collisions is propor-
tional to their area. This suggests that these discs have entropy ∼ their area
(∼ the number of low energy partons), i.e. ∼ y2 in this case of the Froissart
type growth of cross-sections.
2.8 Limitations on the dynamic of a hard elastic scattering
In the field theory the high energy hard elastic scattering of point-like par-
ticles leads usually to the power behavior of elastic cross sections
dσel1 (s, t ≃ −s/2)/dt ∼ 1/sa ,
For the scattering of particles composed from n constituents with approxi-
mately equal momenta we have
dσeln (s, t ∼ −s/2)/dt ∼ µ−4(n−1)(dσ1(s/n2, t ∼ −s/n2)/dt)n .
But the mean state can contain the growing number of partons and the direct
application of this expression leads to a small contribution. In this case the
main contribution to dσ/dt can come from the rare parton configurations
containing the minimal number of partons (when both particles are in a
“bare” state). Then, the cross-section of particles in the system, where
s = m2eY and the energies of colliding particles are mey, meY−u, can be
represented as
dσel(s, t ∼ −s/2)/dt ∼ ( dσ0(s, t ∼ −s/2)/dt )n0 w(y)w(Y − y) , (31)
where w(y) is the probability that particle with energy mey is in the bare
state, and n0 - the number of “valent” components in the bare state (n0 ≃
2 ÷ 3 for meson ÷ baryon). It follows from the boost-invariance of (31)
that
w(y) ∼ e−2cy (32)
This condition essentially restricts the behavior of the asymptotic of hard
scattering and, in particular, gives the information about the amplitude
( ∼√w(y) ) of the bare component of Ψ(P ).
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The similar limitation follows from the consideration of the asymptotic
cross-sections of two particle reactions with exchange of quantum numbers
(such as π−+p → π0+n). Here again, the dominant parton configuration
contributing to such reactions must contain the minimum number of partons.
So again, we have the factor w(y)w(Y −y) in the cross-section. Additionally,
there is the factor of type e−2gy connected with the probability that this
parton configuration contains also the small energy parton with “needed”
quantum numbers. Therefore, from the frame independence of amplitudes
of such reactions we also come to the condition (32). And, if interpreting
in terms of the exchange of some nonvacuum reggeon we come to estimate
their intercept as α(0) ≃ 1− c− g .
3 Summary
The main aim of this note was to illustrate that the condition of boost-
invariants essentially restricts the behavior of high energy cross-sections cal-
culated in parton approaches. And the form of resulting constrains is of the
same type as coming from the t-channel unitarity condition. So that one
can suppose that this similarity, by their nature, has much more general
grounds.
Such a condition works especially effectively in the case of growing with
energy cross-section, that is, just when the t-unitarity conditions for am-
plitudes is complicated to apply - because here the multiparticle exchange
becomes important. In this case the resulting restrictions on the asymp-
totic behavior are rather strong and can, in principle, exclude some popular
models.
References
[1] V.N. Gribov, arXiv:hep-ph/0006158
[2] S.Brodsky, H-C Pauli, S.Pinsky, 9705477, Phys.Rept 301 (1998) 299
[3] M.Perry, arXiv:hep-ph/9612244
[4] T.Heinzl, arXiv hep-th/0008096
[5] A.Harindranath, arXiv:hep-ph/9612244
[6] A.B.Kaidalov, ITEP School of Physics 1983
17
[7] Y. Kovchegov, E. Levin , Quantum Chromodynamics at High Energy,
Cambridge University Press, 2012
[8] O.V. Kancheli arXiv 1609.07657
[9] V.N. Gribov, I.Ya. Pomeranchuk, Phys.Rev.Lett. 8,343,412
[10] V.N. Gribov, I.Ya. Pomeranchuk and K.A. Ter-Martirosyan, Phys. Rev.
139B (1965) 184 ;
V.N. Gribov, Soviet Phys. JETP 26, 414, (1968) .
18
